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Abstract: The Woods-Saxon-Gaussian (WSG) potential is proposed as a new phenomenological potential to de-
scribe systematically the level scheme, electromagnetic transitions, and alpha-decay half-lives of the alpha-cluster
structures in various alpha+closed shell nuclei. It modifies the original Woods-Saxon (WS) potential with a shifted
Gaussian factor centered at the nuclear surface. We determine the free parameters in the WSG potential by repro-
ducing the correct level scheme of 212Po = 208Pb +α. It is found that the resulting WSG potential matches with
the M3Y double-folding potential at the surface region and makes corrections to the inner part of the cluster-core
potential. We also find that the WSG potential with the almost same parameters determined for 212Po (except for
a rescaled radius) could also be used to describe alpha-cluster structures in 20Ne = 16O +α and 44Ti = 40Ca +α.
In all three cases, the calculated values of the level schemes, electromagnetic transitions, and alpha-decay half-lives
agree with the experimental data, which shows that the WSG potential could indeed grasp many important features
of the alpha-cluster structures in alpha+closed shell nuclei. The study here is a useful complement to the existing
cluster-core potentials in literature. The Gaussian form factor centered at the nuclear surface might also help deepen
our understanding on the alpha-cluster formation taking place around the same place.
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1 Introduction
Alpha clusters play a crucial role in nuclear physics.
Alpha clustering in light nuclei was proposed in the 1930s
[1] and has been studied intensively since then, especially
after the proposal of the existence of alpha-particle con-
densates in Hoyle and Hoyle-like states in 2001 [2]. See,
e.g. , Ref. [3] for a recent discussion on the impact of re-
pulsive four-body interactions of alpha particles on phys-
ical properties of alpha-particle condensates. Inspired by
Ref. [2], nonlocalized clustering is proposed as a new con-
cept of cluster physics, and an exemplifying calculation
is carried out for the inversion-doublet band of 20Ne [4].
Alpha clustering could also exist in heavy/superheavy
nuclei, as suggested by the observation of alpha decay in
these nuclei. The theoretical explanation of alpha decay
dates back to the celebrating papers by Gamow, Gurney,
and Condon [5, 6]. Nowadays, lots of phenomenologi-
cal models have been proposed to explain the observed
alpha-decay and spectroscopic data, in which the par-
ent nucleus is modeled as a binary system made of a
tightly-bound alpha cluster and the remaining core nu-
cleus (see, e.g., Ref. [7–17]). The relative motion be-
tween these two constituents then gives rise to various
properties of parent nuclei. For the later convenience,
we shall call these phenomenological models as binary
cluster models (BCMs). It is interesting to note that
some of BCMs could describe alpha clustering not only
in heavy nuclei but also in light and medium-mass nuclei
such as 20Ne and 44Ti [9]. In Ref. [18–24], a new phe-
nomenological model named density-dependent cluster
model is proposed and developed, which takes into con-
sideration the impact of nuclear density distributions and
gives better descriptions of the alpha-decay data. Micro-
scopic descriptions of alpha decay and alpha clustering
in heavy nuclei are also pursued. One of the milestones
is the celebrated work done by Ref. [25], which gives
a satisfying description of the ground-state alpha decay
in 212Po based on the cluster-configuration shell model.
For recent works on microscopic descriptions of 212Po,
see, e.g., Ref. [26–30]. We also recommend Ref. [31] for a
comprehensive introduction to alpha clustering in heavy
nuclei.
A successful application of BCM depends crucially
on the choice of the cluster-core nuclear potential. The
simplest choice might be the square-well potential [7].
More realistic choices for the phenomenological poten-
tial include the double-folding potential based on, e.g.,
the M3Y nucleon-nucleon interaction [18], the so-called
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Cosh potential obtained by fitting the double-folding po-
tential [8], the Woods-Saxon (WS) potential inspired by
shell model [19], the WS+WS3 potential [9, 12], a new
local potential proposed in Ref. [32], etc. With the help
of the Bohr-Sommerfeld-Wildermuth quantization condi-
tion [33] to mimic the Pauli blocking effects, typically all
these potentials could reproduce quite well alpha-decay
half-lives for heavy and superheavy alpha-emitters. How-
ever, further studies show that, the M3Y potential, the
Cosh potential, and the WS potential fail to explain the
observed energy spectrum of 212Po= 208Pb+α, which is
a canonical example of alpha+closed shell nuclei, and
give typically inverted level schemes [9, 10]. This makes
the WS+WS3 potential almost the unique choice for the
spectroscopic studies of alpha-cluster structures of 212Po
in literature. In this work, we would like to propose a
new phenomenological potential between the cluster and
core nuclei. 212Po is used as a benchmark nucleus to
determine the free parameters in the potential. Later,
these parameters with radii being rescaled are shown to
be able to describe alpha clusters in light and medium-
weight nuclei as well.
2 Formalism
In general, a cluster-core nuclear potential, which
aims to provide a satisfying description for alpha de-
cays of 212Po, should match with the WS potential or
the M3Y potential at the surface region. However, as
noted above, the WS potential alone fails to give the cor-
rect level scheme. Also, it is well-known that the alpha-
cluster formation process actually takes place around the
nuclear surface [31]. Within such picture, the alpha clus-
ter loses its identity and merges with the core nucleus
when moving towards the center of the core nucleus. A
satisfying phenomenological potential might be able to
give some hints on this process. With these in mind, we
introduce the following general form for the cluster-core
nuclear potential,
VN(r) =− V0 f(r)
1+exp[(r−R)/a] , (1)
with f(r) being the form factor that encodes corrections
to the inner part of the WS potential. Microscopically,
this nontrivial form factor f(r) might be related to the
alpha-cluster formation around the nuclear surface and
other quantum mechanical effects. The form factor f(r)
could be studied by using the Gaussian basis,
f(r) = 1+
∑
i
αi exp[−βi(r−Ri)2], (2)
thanks to the over-completeness of the Gaussian ba-
sis [34]. In this work, for simplicity, we take only the
leading-order correction,
VN(r) =− V0
1+exp[(r−R)/a] {1+αexp[−β(r−R)
2]} .
(3)
Here, it is crucial to note that the same R in the WS
potential is used as R1 in the Gaussian form factor.
In other words, we plan to modify the WS potential
with a Gaussian form factor center at the nuclear sur-
face. This is by no means trivial. Generally, an arbi-
trary function f(r) does not allow such an identification.
As shown later, this choice is able to give reasonable
descriptions on alpha-cluster structures in alpha+closed
shell nuclei. It is natural to guess that the underlying
physics is related to the alpha-cluster formation pro-
cess mentioned before.In fact, the idea to use additional
Gaussian alpha-like components was used first within the
cluster-configuration shell model by Ref. [25] and later in
Ref. [28]. In the following, we shall call Eq. (3) as the
Woods-Saxon-Gaussian (WSG) potential. We intend to
use the WSG potential to provide a systematic treatment
of various nuclear structural and alpha-decay properties.
V0, R, a, α, and β are five free parameters to be deter-
mined by reproducing some experimental observations.
The usefulness of the WSG potential will be justified by
a comparison of the theoretical calculations with the ex-
perimental data on 212Po. The WSG potential in Eq. (3)
could certainly be improved further by including more
Gaussian terms in the braces.
Given values of the free parameters, the WSG po-
tential can be used to calculated the spectrum of 212Po.
Here, we use the Bohr-Sommerfeld-Wildermuth quanti-
zation condition∫ r2
r1
√
2µ
~
[EL−V (r)]dr= (G−L+1)pi
2
, (4)
V (r) =VN(r)+VC(r)+VL(r), (5)
to calculate the spectrum. VN(r) is the WSG potential
given by Eq. (3). VC(r) is the Coulomb potential defined
as
VC(r) =
{
ZcZαe
2
r
, r≥R,
ZcZαe
2
2R
[
3−( r
R
)2]
, r <R.
(6)
VL(r) is the centrifugal potential in the Langer approxi-
mation
VL(r) =
~2
2µr2
(
L+
1
2
)2
. (7)
The quantum number G is chosen to be G= 18 for 212Po
[9, 10]. r1 and r2 are the inner classical turning points.
µ is the reduced mass of alpha cluster. EL is the energy
of the state with the orbital angular momentum L.
The WSG potential can also be used to study al-
pha decays and electromagnetic transitions of 212Po.
2
The alpha-decay width is estimated by using the two-
potential approach [35, 36],
Γα =PαF
~2
4µ
exp
[
−2
∫ r3
r2
drk(r)
]
,
k(r) =
√
2µ
~2
∣∣EExpL −V (r)∣∣,
F
∫ r2
r1
dr
1
k(r)
cos2
(∫ r
r1
dr′k(r′)− pi
4
)
= 1, (8)
with Pα being the preformation probability of the alpha
cluster in 212Po and r3 being the outer classical turning
points of the Coulomb barrier. The reduced quadrupole
transition strength from an initial state of the angular
momentum L to a final state of the angular momentum
L−2 could be calculated by [10]
B(E2;L→L−2) = 15β
2
2
8pi
L(L−1)
(2L+1)(2L−1)
×
∣∣∣∣∫ ∞
0
ψL−2(r)
∗r2ψL(r)dr
∣∣∣∣2 , (9)
β2 = e
ZcA
2
α+ZαA
2
c
(Ac+Aα)2
, (10)
with ψL(r) being the radial wave function of the angular
momentum L.
3 Numerical Results
In the rest part of this article, we shall first apply
the WSG potential to study alpha-cluster structures in
212Po. The free parameters of the WSG potential are
determined by minimizing χ2 =
∑
L
(EExpL − EPresentL )2
and reproduce simultaneously the correct level scheme
of 212Po. Experimentally, the energy of the 16+ state
has not been measured yet, and it is reasonable to as-
sume that EPresent14 <E
Present
18 <E
Present
16 , which is able to
hinder the electromagnetic decay of the 18+ state. As a
result, the 18+ state would mainly decay through alpha
decay, whose decay rate is then strongly suppressed by
the large centrifugal barrier. This could provide a natu-
ral explanation of the isomeric character of the 18+ state
and its observed decaying branching ratio monopolized
by alpha decay (∼ 100%). Such an assumption is also
consistent with previous studies in, e.g., Ref. [12]. After
a fair amount of trial and error, the free parameters in
the WSG potential are chosen to be
V0 = 203.3 MeV, a= 0.73 fm, R= 6.73 fm,
α=−0.478, β= 0.054 fm−2. (11)
In Fig. 1, we compare the WSG potential with
the M3Y potential obtained by double-folding the M3Y
nucleon-nucleon interactions. Technical details for calcu-
lating the M3Y double-folding potential could be found
in Appendix . The WSG potential is found to match ap-
proximately with the M3Y potential in the surface region
with r > 6 fm.
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Fig. 1. The WSG potential with the parameters
given by Eq. (11) and the M3Y potential with
the renormalization factor λ = 0.51. The WSG
potential matches approximately with the M3Y
potential in the surface region with r > 6 fm.
In Table 1, we tabulate the experimental level scheme
of 212Po with theoretical results obtained by using the
WSG potential with the parameters given by Eq. (11).
The reduced transition strengths B(E2 ↓) obtained by
using the WSG potential are tabulated in Table 2. All
values therein are given in the unit of the Weisskopf unit
(W.u.). The theoretical values agree with the experimen-
tal ones within a factor of 2, and reproduce the trend
nicely. The alpha-decay half-lives Tα1/2 = ~ ln2/Γα are
calculated using Eq. (8), and are tabulated in Table 3.
The preformation factor is taken to be Pα = 0.6 to achieve
better agreement with experimental data. It turns out
that most of the theoretical values are within a factor of
2 compared to the experimental values.
Table 1. The experimental level scheme of 212Po
and the theoretical calculations obtained with
the WSG potential with the parameters given by
Eq. (11). The experimental values are taken from
Ref. [26, 27].
.
Jpi EExpL (MeV) E
Present
L (MeV)
0+ 0.000 0.076
2+ 0.727 0.255
4+ 1.132 0.596
6+ 1.355 1.050
8+ 1.476 1.581
10+ 1.834 2.141
12+ 2.702 2.676
14+ 2.885 3.108
16+ − 3.328
18+ 2.921 3.152
Table 2. Theoretical values of the reduced
quadrupole transition strengths of 212Po obtained
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with the WSG potential with the parameters
given by Eq. (11). All values are in the unit of the
so-called Weisskopf unit (W.u.) given by 1 W.u.
= 0.746
4pi
A4/3 e2 · fm4. Here, A = Aα+Ac = 212 is
the mass number of 212Po, and e is the elemen-
tary charge. The experimental values are taken
from Ref. [26, 27].
Transition B(E2↓)Exp (W.u.) B(E2↓)Present (W.u.)
2+→ 0+ − 4.4
4+→ 2+ − 6.1
6+→ 4+ 3.9±1.1 6.3
8+→ 6+ 2.3±0.1 5.9
10+→ 8+ 2.2±0.6 5.2
12+→ 10+ − 4.4
14+→ 12+ − 3.4
16+→ 14+ − 2.3
Table 3. Alpha-decay half-lives for different states
of 212Po. Tα,Exp1/2 and T
α,Present
1/2 denote the ex-
perimental and theoretical values of alpha-decay
half-lives [26, 27]. The theoretical values are cal-
culated with the performance factor Pα = 0.6.
Jpi Tα,Exp
1/2
(ns) Tα,Present
1/2
(ns)
0+ 299(2) 439
2+ − 16.31
4+ − 8.99
6+ 25(10) 26.99
8+ 490(150) 277
10+ − 1.99×103
12+ − 3.46×103
14+ − 2.26×105
16+ − −
18+ 4.5×1010 4.83×1010
Given the above results on 212Po, we apply the WSG
potential further to light nuclei 20Ne = 16O + α and
44Ti = 40Ca+α. We take the same parameter set given
by Eq. (11), except R= 3.25 fm for 20Ne and R= 4.61 fm
for 44Ti, which are determined by minimizing χ2 for the
level schemes of 20Ne and 44Ti respectively. The quan-
tum number G is taken to be G= 8 for 20Ne and G= 12
for 44Ti. The calculated values are listed in Tables 4 and
5, which also agree with the experimental values. Espe-
cially, the calculated values of electromagnetic transition
strengths are in agreement with the experimental values
within a factor of 1.1∼1.3 for 20Ne and 1∼1.7 for 44Ti.
Table 4. The level scheme and electromagnetic transition strengths of 20Ne. The parameter set is given by Eq. (11)
with a new value of R= 3.25 fm. The experimental values are taken from Refs. [38, 39]. Values for B(E2↓) are in
the unit of the so-called Weisskopf unit (W.u.) given by 1 W.u. = 0.746
4pi
A4/3 e2 ·fm4. Here, A=Aα+Ac = 20 is the
mass number of 20Ne, and e is the elementary charge.
Jpi EExp (MeV) EPresent (MeV) B(E2↓)Exp (W.u.) B(E2↓)Present (W.u.)
0+ 0.000 1.117 − −
2+ 1.634 2.238 20.3±1.0 18.341
4+ 4.248 4.472 22.0±2.0 23.663
6+ 8.776 7.707 20.0±3.0 19.314
8+ 11.951 11.852 9.03±1.3 9.867
Table 5. The level scheme and electromagnetic transition strengths of 44Ti. The parameter set is given by Eq. (11)
with a new value of R= 4.61 fm. The experimental values are taken from Refs. [9, 38]. Values for B(E2↓) are in
the unit of the so-called Weisskopf unit (W.u.) given by 1 W.u. = 0.746
4pi
A4/3 e2 ·fm4. Here, A=Aα+Ac = 44 is the
mass number of 44Ti, and e is the elementary charge.
Jpi EExp (MeV) EPresent (MeV) B(E2↓)Exp (W.u.) B(E2↓)Present (W.u.)
0+ 0.000 0.695 − −
2+ 1.083 1.273 13.0±4.0 13.152
4+ 2.454 2.359 30.0±6.0 17.651
6+ 4.015 3.813 17.0±3.0 16.881
8+ 6.509 5.476 > 1.52 13.752
10+ 7.671 7.152 14.97±3.0 9.307
12+ 8.039 8.555 < 6.51 4.459
4
4 Conclusions
In summary, we study the alpha-cluster structures
of various alpha+closed shell nuclei with a new phe-
nomenological potential of the Woods-Saxon-Gaussian
form, which modifies the original WS potential by an
extra Gaussian form factor centered at the nuclear sur-
face. With the parameter set given by Eq. (11), level
schemes, reduced quadrupole transition strengths, and
alpha-decay half-lives are found to be quite satisfying
for 212Po, reproducing many important features of ex-
perimental values. This could be viewed as an explicit
demonstration for the usefulness of our WSG potential
in studying nuclear clustering in heavy nuclei. More-
over, we provide some exploratory calculations in study-
ing alpha-cluster structures in light nuclei with the WSG
potential. With the same parameter set Eq. (11), except
that new values are taken for the radius R, we calcu-
late the level schemes and electromagnetic transitions
for 20Ne and 44Ti. The calculated values agree with the
experimental ones as well. These calculations show that
the WSG potential proposed in this work is indeed a new
phenomenological potential suitable for studying various
properties of nuclear alpha-cluster structures. In this
work, we have identified the radius in the Gaussian form
factor with that in the WS potential. Considering the
phenomenological success of the WSG potential, it is nat-
ural to ask for the microscopic origin of this choice, which
might be related to the alpha-cluster formation process
taking place at the nuclear surface and is an important
open question to be investigated in future works.
Appendices A
Momentum-Space Approach to Double-Folding Po-
tentials
The double-folding potential is given by
U(r) =λ
∫
ρc(r1)ρα(r2)VNN(r12 = r+r2−r1)dr1dr2, (12)
with λ being the renormalization factor. It is convenient to
calculate double-folding potentials in the momentum space
[37]. The Fourier transformations are normalized by
f˜(k) =
∫
drexp(ik ·r)f(r), (13)
f(r) =
1
(2pi)3
∫
dkexp(−ik ·r)f˜(k), (14)
which give
∫
drexp(ik·r) = (2pi)3δ(k). The density functions
of the core nucleus and the alpha cluster and the nucleon-
nucleon interaction take the following forms, respectively,
ρc(r1) =
ρ1
1+exp
(
r1−c
a
) , (15)
ρα(r2) = ρ2 exp(−νr22), (16)
VNN(r12) =V1
exp(−µ1r12)
µ1r12
+V2
exp(−µ2r12)
µ2r12
+J00δ(r12),
(17)
with their Fourier transformations given by
ρ˜c(k) = 4pi
∫ ∞
0
dr1 r1
sinkr1
k
ρc(r1), (18)
ρ˜α(k) = ρ2pi
3/2ν−3/2 exp
(
− k
2
4ν
)
, (19)
V˜NN(k) =
4piV1
µ1
1
k2+µ21
+
4piV2
µ2
1
k2+µ22
+J00. (20)
The double-folding potential could then be obtained by
U(r) =
1
(2pi)3
∫
dkexp(−ik ·r)ρ˜c(k)ρ˜α(k)V˜NN(k) (21)
=
2
pi
∫ ∞
0
∫ ∞
0
dkdr1
r1
r
sinkr sinkr1ρc(r1)ρ˜α(k)V˜NN(k).
(22)
Compared with the definition of the double-folding poten-
tial Eq. (12) which contains a six-dimensional integration,
Eq. (22) with only a two-dimensional integration is much
easier to handle numerically. The parameter set used in this
work is given by
ρ1 = 0.181855 fm
−3, c= 1.07A1/3c fm, a= 0.54 fm,
ρ2 = 0.4299 fm
−3, ν= 0.7024 fm−2,
V1 = 7999 MeV, V2 =−2134 MeV,
J00 =−276(1−0.005Eα/Aα) MeV · fm3,
µ1 = 4 fm
−1, µ2 = 2.5 fm
−1, λ= 0.51, (23)
with Aα = 4, Ac = 208, and Eα being the alpha-decay energy.
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